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THE EQUILIBRIUM OF A HEAVY HOMOGENEOUS CHAIN IN A 
UNIFORMLY ROTATING PLANE 

Br Edwin Bidweix Wilson 

1. Introduotion. The problem of the equilibrium of a chain has at- 
tracted considerable attention since the days when James Bernoulli first solved 
the simple case of a uniform chain hanging by both ends in the constant field 
of gravity. A large amount of theory has been developed * and a great 
variety of problems has been solved. It appears, however, that for the most 
part the cases which have yielded integrable differential equations belong to 
two types: Those of equilibrium in a parallel field or in a central field. f 
Both these fields are reotUinear, so that the question of the equilibrium of a 
chain with one end free is solved intuitively. The first plane curvilinear field 
to occur to one would probably be that of a constant force parallel to a line com- 
bined with a force at right angles to the line and varying directly as the dis- 
tance from the line. Furthermore precisely such a field is afforded by the 
idealization of a common physical phenomenon. 

Consider a uniform chain or string suspended by one end in the field of 
gravity and constrained to rotate by twisting that end. It is well known that 
the chain will either swing entirely to one side of the vertical or will take the 
form of a series of arches which increase in height from the fixed toward the 
free end. The motion of the chain rapidly approaches a steady state in 
which each point is revolving at a constant speed in a horizontal circle con- 
centric with the vertical axis through the point of support. The effects of 
torsion and of friction against the air will somewhat disturb the experiment 
and very greatly complicate the dift'erential equations which determine the 
figure of the curve. If we idealize the problem by omitting these disturbing 
effects and by assuming the chain to be unifoi-m and mathematically perfect, 
that is, of no appreciable thickness and quite flexible and inelastic, we have a 

* Perhaps the best account of the theory which is readily accessible is that given by 
Appell in his Traiti d« mieanique rationnelle, volome I, chapter 6, pages 180-204. A shorter 
treatment 1* found In Oray's Treatise on Physics, volume I, chapter 8, pages 286-295. 

tFor nameroQS problems see Appell, loc. clt., or Walton's Problems in Theoretical 
Mechanics, third edition, pages 114-113. 

(99) 
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problem easy to state in differential equations. It is this problem with some 
generalization which will be discussed in the following pages. 

According to a fundamental principle of dynamics, the uniform rotation 
of a system may be done away if the corresponding centrifugal force be intro- 
duced. As the centrifugal force varies directly with the distance from the 
axis of rotation, the problem of the equilibrium of a rotating chain reduces 
to that of equilibrium in the curvilinear field above mentioned, provided only 
that the chain lies entirely in one plane. Whether or not this condition be 
fulfilled depends on the initial conditions. The equations of equilibrium are 

where T is the tension, p the density, and X, Y, Z the external forces per 
unit mass at any point of the chain. 

If the OS-axis be vertical and directed upwards, the equations for the 
present problem become 

where a> is the angular velocity. It will be worth while to show that if the 
chain is attached at one point to the axis of rotation, it must lie entirely in a 
vertical plane through the axis. For this purpose the cylindrical equations 
of the chain are useful. These may be deduced exactly as the Cartesian equa- 
tions are usually deduced, i. e., from the formulas 

d{Ta) + pFids = 0, d(T/S) + pF^da = 0, d{Ty) + pF,d8 = 0, 

where Fi, F^, F, represent the forces along any three mutually perpendicular 
directions and a, 0, <y are the direction cosines of the element of arc with 
reference to those directions. If the directions are X and, in the yz-plane, 
the radial direction S and the perpendicular to M, we have 

^(^^-'^=»- ^(^D-'^=«- U^'t)*'^'"- 

where X, M, B now represenrt the components of the force, tn the pase in 
hand X = — g, H = o^r, 8 = 0. Hence T rdd/ds = const., and if the 
chain has a point on the axis of rotation, the constant vanishes. Hence 8 is 
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constant and the chain must lie in a vertical plane through the axis. Here- 
after, as stated in the title, we shall restrict the discussion to this case where 
the chain lies in a plane. 

2. The differential equations of the problem. Let the chain 
lie in the asy-plane and assume that the x-axis is vertical with the positive end 
up. The equations of the chain then reduce to 

in rectangular coordinates. The intrinsic equations are 

(2) ^+pS^O, T+pBN=0, 

where S and ^ are the tangential and normal components of the applied 
forces and i? the radius of curvature of the chain. In the case in hand the 
forces are derivable from th« potential. 

V=gx- ict^y*, S=- oV/da. 

Hence the first equation of (2) may be integrated to 

(3) T-pV=T-pgx + J/)a»*y* = const. 

If To be the tension in the chain at the origin (0, 0) , we have 

(3') T = To + pgx - ipt^y*. 

Inasmuch as T cannot become negative, it is apparent that the only region of 
the plane in which the chain may lie is the interior of the parabola 

(4) T=To + pffx- ^po,hj* = 0, 

which has its vertex downwards and situated at the point « = — To/pg. 

The second of the intrinsic equations (2) may be used to obtain the dif- 
ferential equation of the second order for the chain. For 

JV"= g sinr + a^y cost, 
where t is the inclination of the curve to the x-axis. Hence 

(1 + v'^? 
r+ p(g aiar + o»»ycosT) ^ ,, = 0- 
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Or 

(5\ v" - - P«»*y + P9!/' f. , ^s 

^^^ y --To + p^a^-i^V^^^^' 

It should be noted that this equation contains the quantity Tg which is un- 
known : for with a given chain of length I suspended either at both ends or 
only at one, the tension at every point is a consequence of the position of the 
chain and is not to be counted among the initial conditions. In fact the 
tension at the point of support is a function of I. The differential equation of 
the chain is really of the third order and may be found by eliminating T^ from 

(5) and that equation differentiated with respect to x. The form containing 7^ 
will, however, answer our purposes.* 

Another method of treating the problem is by tlie calculus of variations. 
The condition for equilibrium is that the potential energy be an eztremum — 
a minimum if the equilibriiun is to be stable. As the length of the chain is 
constant the problem is one in relative minima ; in fact we have 

/ Via a minimum, / d* constant. 

Hence it is necessary to minimize the integral 

(6) I^\i}^ + i^« - i«*y*)<i», 

where X is a parameter. By a theorem due to Weierstrass.t an integral of 

* Bqaation (6) can be integrated once by Introdncing the arc • and its derivative <b/ds. 
The integnral may be fonnd more readily by operating directly on the fandamental eqaationa 
(\). The result Is, If the point of support of the chain be at the origin, 

{pg» + TjCOB To) d«/<fe miT^-\-f>g% — 1/)«*V. 

where r,, is the Inclination of the string at the origin. The derivation of this result, which 
is equivalent to our (7) below, will be left to the reader who may thus entirely avoid the use 
of the calculus of variations in arriving at this important equation (7) . It should be noted 
here again that r^ is not properly to be considered among the initial conditions any more 
than Tg; It is indeed a function of I. 

t Instead of reverting to Weierstrass's treatment, we may note that integrals of the 
form (6) are partlcnlarly simple to treat by methods recently developed by Bliss in the 
Transactions of the American Mathematical Society, volume 8 (1907), pages 405-414. He 
considers the standard form of the integrand in the calculus of variations as F(x, y, r)<{«. 
This is highly convenient for the present problem : for here F does not contain r explicitly 
and moreover the extremals may become perpendicniar to the z-axU which lit not allowed 
in case the Integrand has the form F(x, y, y'}dx. Bliss obtains the necessary condition* 
F + Ftt g for a minimum — a condition which In this case restricts (x, y) to the interior 
or contour of the parabola (4')- 
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this fonn cannot be a minimum if the coefficient of da becomes negative. This 
shows that the only possible region for minimizing extremals is the interior 
of the parabola 

(4') \g + gx^ Wy* = 0. 

Hence it appears, as may readily be shown also by deriving the dijSerential 
equation of the extremals, that X is to be identified with Tf^lpg, and the fitct 
that 7'o is not to be regarded as among the initial conditions but to be deter- 
mined from the length I of the chain is further emphasized! 

Some interesting and important results may be obtained by applying the 
ordinary rules of variation directly to (6).* For this purpose we may indicate 
the limits by and 1 and consider them as variable. 

By integration by parts we have 

The brace under either integral may be set equal to zero to obtain the extre- 
mals. The first of these may be integrated and gives 

dx 
(7) g» + const =i {\g -^gx — Wy^) ^ • 

The conditions at tiie limits are 

{{•Kg + 5rx - J««y«)((fo&B + dyiy)f^ = 0, 

*Th<8 method of procedure which \a almost always the most convenient in practice 
is admirably treated by de la Valine Foassin in lUs Cours d'analyte ir^finititimale, volmne 2, 
pageB^32fi-346. 
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and show that: If the extremities of the chain are movable on fixed curves, 
the chain must be perpendicular to those carves* 

3. Gtoneral disousaion of the equilibriain. As equation (5) ap- 
pears not to be integrable except into (7) which contains the arc and its de- 
rivatiTe and is probably not further integrable, it will be well to begin with a 
general discussion of the equilibrium. In the first place we may state the 
result : Two chains -precisely alike except for different densities will have the 
same positions of equilibrium. This may be seen at once from the equations 
(1) or (2). The physical reasoning which may be employed to reach the 
same conclusion is equally simple. It is merely necessary to cite the principle 
that if all the applied forces in a statical system be reduced in the same ratio, 
the system remains in equilibrium and the forces developed, that is, frictional 
forces, reactions at fixed constraints, and so on, are reduced in the same ratio. 
For similar reasons we may state : The position of equilibrium will be the 
same in all fields which have the same value for the ratio e^ :g. In fact until 
the unit of time, which is of no consequence in statics, has been specified, it 
is only the ratio of q>^ and g which can be said to be known. Therefore 
without loss of generality the equations may be simplified by setting p=\ 
and «i?lg = k. 

The case most easily realized in practice is where the upper end of the 
string is fixed at a point in the axis of rotation and the other end allowed to 
hang free : the origin may then be taken at the point of support. It is well 
known in the theory of the conical pendulum that the angular velocity must 
attain a certain value relative to the length of the pendulum before the posi- 
tion of equilibrium will depart from the vertical. In case the pendulum is a 
uniform rod of length I, the total moment of the centrifugal forces about the 
point of support is J^o)'/* sin 6 cos 6, where is the angle of inclination. The 
moment of the gravitational forces is ^pgP sin 6. Hence for equilibrium 

sec 6 = ^mHjg ; and «>*?/<? = «Z > f 

is the necessary and sufficient condition that the position of stable equilibrium 
is not vertical. 

It is readily shown that : The chain will depart from the vertical ifKl> |. 

*Tbe possible exception of a free end on (4'), which woulcl satisfy the condition 
identically, proves later not to be an exception. 
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For if kZ > |, the facts concerning the rod show that there are positions in the 
neighborhood of the vertical, namely, all straight lines slightly inclined, for 
which fVdsia less than its valae along the vertical subject to the condition of 
constant length. Hence there are variations of the integral which are nega- 
tive, weak variations at that, and the vertical cannot be a position of stable 
equilibrium. Similarly in case the chain is attached to two points of the ver- 
tical axis separated by a distance a < Z, it may be shown that the position of 
equilibrium will depart from the vertical if k(1 + a) > 3. Whether on the other 
hand the chain will hang in the vertical if these inequalities are not satisfied 
is a question to be taken up later. 

If the chain has a free end the tension at that point is zero and conversely 
if the tension at any point is zero the chain may be considered as cut and 
having a free end at that point. As the introduction of new constraints never 
disturbs an existing equilibrium, the chain may be considered as pinned in the 
field indefinitely near the free end, and hence it is physically obvjous that : 
At the free end a chain must have the direction of the field, that is, must be 
perpendicular to the eqidpolential (4') . Again if the tension be not zero, the 
second of the intrinsic equations (2) shows that: A chain has a point of in- 
flexion where and only where the chain has the direction of the field {except 
perhaps at the free end, if one exists) . The curvature at the free end requires 
special investigation because here (2) gives R = 0/0. 

To treat this question, transform (5) to a new origin of x so that the 
3/-axis passes through the free end upon the parabola (4') at a point y = yg, 
and perform the integration which gives (7). Let s be measured positively 
from the free end up. The constant in (7) vanishes because « and the first 
member of (4') vanish, and X = J«^. We have then 

(7') ,| = x + i.(yS-3^). 

If we plot an element of the tangent y = yo(l — «Aa;), we obtain at the end 
of this lineal element 

i» _ Aa; - jiclt/l — yg(l — /eAa;)^] 
dx ~ Vl + ««yg Aa; 

Hence 

A - = vn^?^ - - = =^liM^- 

"^ dx Vi + z^yo ^a. y^r+^g 
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Hence if we assume that as we plot the curve by the Cauchy-Lipschitz method 
of approximation, the limit approached by the polygon is the integral of the 
differential equation, and that the curvature of the integral may be obtained 
from the polygon, 'we find 

<P« 1 *:'yS 



Inasmuch as 

<?« dsecT ^ dr ds «yo(l + i^vV) 

-5-5 = —-5 = tanr seer j- • -,- = ^-^ — 5 — ^-^ » 

dx^ dx ds dx R 

where R is the radius of curvature, it follows that 

2(1 + ^yJY 
^ = IF^, 

And if the radius of curvature of the Jines of force 

y = 2/0*"^ 

defined by the difierential equation dyjdx — — o^yjg = — ki/ he computed, it 
is found to be one-half of the value of J? above. Hence : TTie radius of 
cnrvalure of the chain at its free end is neither zero nor infinite but twice the 
radius of curvature of the field at that point. 

* It is well to note precisely -what this assamption amonnts to. In the flgnre the 
curve OP represents the integral of the differential equation. The first step in the Canchy- 
Lipschitz method is to constrnct the tangent OM. At the point M the tangent MV is 
drawn. This is not tangent to the integral curve OP but to the neighboring 
integral cnrve through 3f. Thus the first tvro Hoes in the approximation are 
OM and MT. The curvature of the Integral OP is the limit of the inclina- 
tion of PT divided by the arc OP as P J, O. In the text this limit has been 
replaced by the limit of the inclination of JtfT' divided by OM *» M ^ 0. 
If now it be assumed, as It is, that at the point 0, the curvature of the inte- 
gral curve OP is not infinite, the difference between OP and OM is an iuflnltesimal of the 
third order at least, and PM is at least of the second order. The difference between the 
inclinatious of PT and MV will then also be of the second order at least (consequently in 
the limit OP may be replaced by OM and the inclination of PT may lie replaced by that of 
MT. Hence under the assumption that the curvature of OP at O is finite, the statement 
in the text is justified and the curvature may be found by the process indicated. 






T 
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Suppose that the chain, whether it has a free end or not, lies in a curve 
which has maxima and minima of y. For brevity maxima and minima may be 
designated as extreme points. At each extreme point the tension is parallel 
to the a:-axi8, and as the tension is null at the free end (if there is one) we 
may include this point among the extreme points. As the chain is in equilib- 
rium, it may be treated for the moment as a rigid body. The forces acting 
between two extreme points are the tensions at those points and the force of 
gravity parallel to the axis, and the elemental centrifugal forces perpendicular 
to the axis. These must form a -system in equilibrium. Hence the centrifugal 
forces balance. But they have the form (o^yds and hence between extreme 
points, 

w^yds — 0. 



/' 



This is precisely the condition that the center of gravity of the chain shall be 
on the aj-axis. We may therefore state : The center of gravity of the arc of 
the chain between any two extreme points lies on the axis. From this result 
some corollaries : \'The chain must cross the axis between successive extreme 
points. 2° The free end of the chain cannot lie on the axis. 

4. The form of the curves of equilibriiuxi. To obtain a more 
precise idea of the curves of equilibrium, it is necessary to resort to a detailed 
discussion of the differential equation which defines them. It has been seen 
that the inflexions of the curves are tangent to the lines of force. Let us show 
that : 1^0 inflexion can lie upon the axis. Take the origin at the supposed 
inflexion. Equation (5) shows that if y" = and y = 0, then y' = 0. Now 
the axis of rotation is known to be a possible solution of the equation (5) of 
the second order with the initial conditions y' = y = x — 0. Hence, relying 
on the uniqueness of the solution, we see that no other solution with these 
initial conditions is possible, and therefore no inflexion can lie on the axis ex- 
cept in the case where the whole chain lies along the axis. The same conclu- 
sion may be derived directly by computing, by successive differentiations of 
(5), the values of all the higher derivatives y<"' at the point (0, 0) and noting 
that they all vanish. 

Next consider the particular case of the chain with a free end and take 
(7') as the defining equation. If this be written as 

^^ ^ + iiyl - f.) 

dx s ' 
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it appears that ds/dx cannot be infinite except at a = 0. When a = 0, however, 
it has been seen that ds/dx is the finite qaantity Vl + "^l/*' Hence : In case 
Ike chain han a free end, the slope of the curve is everywhere finite. Consider 

^_ 1 _ 35 - a + i*(j^ - y) 

dx 8 

As 1 ^ sec T, the numerator is always positive or zero. At the maximam and 
minimum points it vanbhes. These points are therefore given by the equation 

X - » + i/e(y5 - y) = 0. 

Here x — a is zsro at the free end and becomes increasingly negative. So at 
successive extreme points y* ~ ^ must become increasingly positive, that is : 
Each successive extreme point from the free end up is nearer the axis than the 
j)receding. Similarly it may be seen that: At each successive intersection of 
the curve with the axis the inclination of the curve to the axis is leas and is 
approaching zero as its limit. 

To return to the question of inflexions, we may note that it has not yet 
been shown that the chain actually changes its concavity at the inflexions. 
We shall therefore prove that : The points of inflexion are of the first order, 
that is,f"{x) 9i 0. On differentiating (5) we find 



y 



,111 



T{Ky' + y") (1 + y") + T{Ky + y') 2yy" - JKy + y>) dT/dx 



T« 



As dT/ds = - xS and is finite, dT/dx is finite and y'" reduces to - «y'(l + y^)/T 
at an inflexion and cannot vanish. We may next show that : The curve must 
change its concavity between an extreme point and the next intersection with the 
axis. For consider a minimum. As the curve is traced from this point up, 
the slope is positive and remains positive to the following maximum. The 
curve must therefore change its concavity while its slope is positive. As the 
slope at an inflexion is —icy, the ordinate of the inflexion is negative. A 
maximum may be treated in the same manner. It may next be shown that : 
There is only one inflexion between successive extreme points. The easiest way 
to see this is to start at an inflexion, say on the positive side of the axis, and 
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trace the curve backward toward the free end. At the inflexion the slope is 
negative and becomes numerically less as the curve rises toward the maximum. 
But as the ordinates increase the slope of the field becomes negatively greater. 
Hence the maximum is reached before another inflexion. The slope of the 
curve then becomes positive and consequently cannot coincide with the slope 
of the field until the axis is crossed. When an inflexion on the negative side 
of the axis is reached the slope decreases as the curve rises whereas the slope 
of the field increases. Hence the minimum is reached before another inflexion, 
and so on. 

It is readily shown that : The maximum, slope in each arch of the eui've ap- 
proaches zero as its limit as well as the slope at the intersection with the axis. 
Hence : The inflexions must approach the axis as a limit although none of 
them lie upon it. There is no difficulty in seeing that : The iruHination of the 
curve is nowhere so great as at the free end and consequently dhe tension in 
the chain must be constantly increasing. If we assume, as will be justified 
in the next section, that the ordinates of the curve approach zero as their 
limit, it appears that : At least qualitatively the shape of the curve is rep- 
resented by the graph of the Bessefs function Jq. This will be further exempli- 
fied in article 5. 

If the chain has not a free end, suppose that the y-axis be taken through 
the lowest intersection of the curve with the axis of x. Then equation (7) 
takes the form, 

(« + X cos To) T- = X + a; — J/cy*, 

where r^ is the inclination at the origin. According to the convention estab- 
lished above, « is to be measured positively if the curve starts ofl" into either 
of the quadrants above the y-aris ; in this case the discussion runs about as 
for the case of a free end. But if the curve starts out in either of the other two 
quadrants s has negative values. The form of the diflferential equation (5) is 
such that the curve cannot have any singular points until it meets the parabola 
(4'). In this case it cannot meet the parabola as there is no free end. We 
may therefore trace the curve back through negative values of « to a point 
where s + \ cos Tq vanishes and the curve becomes perpendicular to the axis. 
Obviously : There is only one point at which the curve may have a tangent per- 
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pendicular to the axis and this is aitvated below the lowest intersection with the 
axis, except in the limiting case where the tangent at the lowest point is itself 
perpendicular to the axis. K the y-axls be moved into coincidence with this 
tangent, the equation of the curve becomes 

«5i = « + i«(24-y*). 



wliich is identical in form with the equation (7'), in the case of a free end, 
except that here y^ being the point of the parabola above the origin cannot be 
the ordinate of the point with the vertical tangent but must be greater. It is 
obvious by reasoning similar to that employed in the former case that : 77ie 
curve cannot rise so high as y — y©* The ordinate will he doubly valued for 
all positive values of x arid except for the vicinity of the vertical tangent each 
of the branches will behave qualitatively like the former curve. Further details 
may be left to the reader. 

6. Approziinations in the differential equation. Let us next 
plot the curves by following successive tangent lines. If the curve has a free 
end, we may start at tiiis end with equation (7'). This method avoids having 
to deal with the question of the value of To or X. In fact the length of the 
chain will be a consequence of the position of equilibrium from this point of 
view, instead of the reverse. To simplify matters and to have a definite pa- 
rabola let us assume k = 2. It may be noted that : TTieconstant k is the recip- 
rocal of the semi-lattts rectum. The inequality kI > |., if we may assume the 
necessity as well as sufficiency of the condUion, shows that the least length of 
the chain is 3/2 the semi-latus rectum, that is, 3/2 the radius of curvature at 
the vertex of the parabola. From the fact that the qualitative discussion has 
shown thsA the curve does not change its concavity between the free end and 
its first root it follows that : J!7b matter how near the vertex of the parabola the 
the free end may be, the length of the chain must be at least equal to the radius 
of curvature. As there seems to be no other way of showing that this length 
must be half as great again as this radius of curvature, except by investigating 
the roots of the solution of the differential equation (a rather difficult and in- 
accessible problem) , it may be interesting to plot one curve which starts very 
near the vertex. 
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Let us assume yo — 0.05, then at the start y = 0.1 . The following table 
of values may then be constructed. 
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0.40 


0.39 859 651 


O.Ol 678 587 


0.0 008 834 


3 
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49 
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38 


9 
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0.70 


0.69 814 284 


+0.00 039 431 


0.0 003 985 


2 


27 


15 


10 54 


0.05 


0.75 


0.74 809 698 


-0.00 174 670 













The object of giving this table in extenso is to show the laige number 
of figures necessary to get anything like a trustworthy result. As it is, the 
seconds are by no means determined ; the differences of the lognsecant are 
only about one unit in the last place given. The point at which the cuirve 
crosses the axis is found from the table to be « =s 0.7 18+. Under our assump- 
tion that K — i, this length should exceed (probably by only an insignificant 
amount) the minimum length 0.75. As a seven-place table did not afford a 
ready accuracy sufficient to make the calculations when the increments of are 
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are taken smaller and as such a calculation would be very tedious in any case, 
the calculation for increments of arc equal to 0.10 instead of 0.05 was carried 
through. This gave a length s = 0.695—, which is less than the other as was 
to be expected. Moreover the difference 0.023 or 0.024 between the two re- 
sults is of such magnitude as to render it quite plausible that if the approxi- 
mation were pushed to the limit the length would slightly exceed 0.75. It is 
indeed not difficult to obtain roughly an idea of the order of magnitude of the 
error introduced at each step of the approximation. If i2 be the radius of 
curvature and At the angle between successive tangents, the departure of the 
tangent from the curve is i2(AT)72. As i? =s Aa/Ar, this becomes At As/2. 
In the present problem At is on the average about l/250th of a radian. The 
individual errors in the fifteen approximations are cumulative, and hence the 
total error in the ordinate must be expected to be not far from 0.0015. As a 
matter of fact if the final ordinate had been greater by the amount 0.0018, the 
length of the chain from the free end to the intersection with the axis would 
have been in excess of 0.75. We may therefore fairly conclude that in case 
K = 2 (and hence probably in all cases): The condition kI > ^ is necessary and 
sufficient that the chain have a position of equilibrium other than the vertical. 
From the above discussion it appears that throughout the entire length of 
a curve which starts near the vertex of the parabola, the values of y' and y re- 
main very small. As equation (5) may be written in the form 



(5') y 



,,_ (/cy + y)(l + /) 
« + i«(2^ - y') 



it is further evident that at any rate when the curve roaches values of x large 
in comparison with y and y' — and this occurs very shortly — the difference 
between (5') and 

(5") y"=-(''^ + ^') 



X 



becomes negligible. Of the two independent integrals of (5") one is infinite 
at the origin and the other is Jo(2^kx). Let us see how well 

y = yoJo(2V^)=yo(l-*a; + ^,--p^^+ •••+(- 1)""^" + • • •) 

represents the curve of equilibrium. To begin with, the slope and radius of 
curvature at the origin are — «yo and 2(1 + «Vo)'^/*Vo' T^hese are identical 
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with those of the curve of equilibriam. The form of (5") shows that the in- 
flexions of the Bessel's curve are tangent to the field. Finally, the first root 
of the Bessel's function is 2^kx = 2.4+ which in case « = 2 becomes 0.72+. 
This is remarkably close to 0. 75 and represents a difference of ordinates of about 
0.0013 between the curve of equilibrium and the approximation given by the 
Bessel's curve. 

As the approximation is so extremely close in the only region where its 
accuracy would be under suspicion, we may safely conclude that it is safe to 
trust in regard to the rest of the curve. This would then establish the fikote 
that the maximum ordinates of the curve of equilibrium approach zero as their 
limit. From a table of the roots of Jo(x) we find 

X = 2.40, 5.52, 8.65, 11.79, 14.93, 18.07 

for the successive roots. Hence in J^(^2^kx) the successive roots are 

*a; = 1.44, 7.63, 18.8, 34.8, 55.8, 84.5. 

The lengthening of the successive arcs is therefore established and a value 
which is certainly not far from the true one is obtained. If for the purposes 
of calculation, we assume that these are the true values of the intersections of 
a curve of equilibrium with the axis when the curve lies indefinitely near the 
axis, we see that the minimum lengths of a chain which shall cross the axis 
0, 1, 2, 3, 4, 5 times are respectively 

1.44/*:, 7.63/Ae, 18.8//e, 34.8/«, 55.8/«, 84.5/«. 

As the interval between the roots of Ja{x) rapidly approaches w, it is ap- 
parent that the additional amount of chain which must be provided in order 
to permit an additional intersection with the axis rapidly approaches 

■jtsJIIk 4- ir^liK where I is the amount already provided. 

6. Conclusions. Suppose that the parabola (4') be drawn and the 
equilibrium curves which start from it at each point of the contour be sketched 
in. It is not difficult to see what are the possible positions of equilibrium for 
a curve of given length. Let the length be I. If I satisfies the inequality 
\^ < id < a, where a is in the neighborhood of 8, the curve will hang entirely 
on one side of the vertical and will depart more and more from the vertical as 
kI lies nearer to a and further from IJ. If I satisfies the inequality a < kI < fi, 
where /3 is in the neighborhood of 19, the curve may hang entirely on one side 
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of the vertical and in this case it will depart from the vertical more than the 
curves of the preceding case. Or the curve may cross the axis and will then 
recede from the vertical more and more as kI is nearer y8 and further from a. 
If I satisfies the inequality $ < kI < y, where y is in the neighborhood of 35 the 
curve may lie entirely on one side of the vertical and will depart from the 
vertical more than in the previous cases. Or it may cross the axis once and 
will depart further from the axis than in the preceeding case. Or it may cross 
the axis twice and depart from the vertical more and more as kI lies nearer y 
and further from /8. And so on. The discussion of the case of the chain 
with a free end has been pushed about as far as seems possible without actually 
integrating the differential equation (5). 

The discussion of the case where both ends are fixed in the axis is by no 
means so simple. The reason is that in case there is a vertical tangent no 
approximate solution of (5) which shall adequately represent the curve both in 
the neighborhood of the vertical tangent and in the remoter regions is easily 
obtained. In the remoter regions, however, the approximation by means of 
Jo(2^Kx) holds also in this case. Hence the curve may be plotted in the 
neighborhood of the vertical tangent by the graphical method used in article 
5 and then it may be pieced out with BesseVs curves. A rough sketch 
of the curve is given in the figure. The curve may be considered as fastened 
at any two of its intersections with the axis Undoubtedly there would be a 
definite set of inequalities to be satisfied in order that the curve should have 
0, 1, 2, 3, • • • intersections with the axis (it being understood that a point of 
support on the axis does not count as an intersection). It is almost certain, 
however, that this set would not be of single entry as before, but of double 
entry. For the curve is double valued and each half obeys a law of decrease 
in ordinates and increase in length of arch similar to that found in the other 
case. Hence the minimum length of chain 
which may cut the axis once as between the 
points A and B' in the figure could hardly 
be expected to be the same as the minimum 
length of a chain which might cut the axis 
as between A' aiid B. In other words,- if the total number of intersections 
were to be n + m, with n on one branch and m on the other, the minimum 
length would probably be /{n, m) and not simply /(n + m). But the inves- 
tigation of this point would probably involve computations too laborious to be 
worth while. 
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la closing a word may be said of the behavior of the chain as the angular 
velocity is increased. The shape and properties of the curve are such that 
there is an absolute discontinuity between a possible equilibrium with different 
numbers of intersections with the axis. Hence if the angular velocity be 
gradually increased the curve cannot go gradually over from one type of 
equilibrium to another : the change is from one of less inclination with the 
axis to one of greater, and when the angular velocity has reached a certain 
value there will be an additional type of motion with one additional intenec* 
tion with the axis but the chain will pass gradually over into it.* 

In cloiiing I should like to state that the problem of the rotating string 
was suggested to me, some long time since, by Professor Osgood, who had it 
from Professor Bocher about a dozen years ago. The interesting feature to 
which my attention was called was the fact that the approximate solution by 
Bessel's functions was apparently valid for only a discrete set of values of kI ; 
these are the values we have called kI — a, ^, <y, • - -. I hope that the fore- 
going discussion may have shown what the physical significance of this ia and 
what the state of the chain is for intermediate values of kI. 

MASSACHunrrs ItranruTE of Tkchhoi.ogy, 

BosTOM, S£as8., Octobbr, 1907. 

* In an actual experiment with • mediom brass chain aboat a meter long attached to an 
axis which could be rotated either by hand or by an electric motor, it waa f oond dUBcnlt though 
not impossible to get cnryes which had none or one or more than five Intersections with the 
vertical, easy to obtain those with two, three, four, or five intersections. In the first place note 
that extreme slowness of rotation is not particularly available owing to the large effects due to 
disturbances by air currents and other irregularities. Moreover if I ss 100 and kl is about 100, 
which corresponds to five intersections, w is only about fire revolutions per second, which is a 
distinctly slow rotation. As this rotation is set up, the chain tends to climb up on Itself and 
buckle, with the result that four or five intersections with the axis are likely to appear at the 
start and hence to persist. If the rotation is not much more rapid than five revolutions per second 
some of these intersections may easily be shaken out by sharp blows; if, however, the rotation 
is more rapid it becomes more and more difficult to disturb the type of motion (at any rate un. 
til such a rapidity is reached as will induce violent lateral vibrations in the chain and destroy 
the steadiness of the motion) . This explains why the types with one or no intersections ar« 
hard to get with a rough apparatus. The difficiiUy in finding the types with six or more inter 
sections appears to be due to the facts, that the chain is not a mathematical chain and that it 
must lie so near the axis that slight disturbances suffice to whip out one or more of the nodes. 
On the whole, the stability of each type of curve appears unexpectedly great. 



